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Linear Stochastic Control Using the UD U™ Matrix Factorization

Catherine L. Thornton* and Robert A. Jacobson*
Jet Propulsion Laboratory, Pasadena, Calif.

The classical LQG stochastic control law is reformulated using the matrix factorization S=UDU7. This
method yields a statistical guidance analysis algorithm that is numerically superior to the classical solution yet
requires negligible additional computation and storage. Moreover, experience with U-D algorithms has shown
them to be adaptable and easy to implement on a variety of problems.

1. Introduction

HE classical solution to the discrete LQG stochastic

control problem involves two matrix Ricatti equations —
the covariance recursion associated with the Kalman filter,
and the dual to this recursion required for the control gain
calculation.! It is by now well established that the Kalman
covariance recursions are numerically unreliable and can yield
erroneous results.?* By duality one should, therefore, also
suspect the numerical integrity of the control matrix recur-
sion. Moreover, conventional guidance analysis methods
involve additional matrix calculations that are susceptible to
numerical errors.

Computational problems inherent in the conventional
guidance analysis algorithm can be avoided by applying the
numerically stable covariance factorization techniques
developed for Kalman filtering.® The factorization methods
are all algebraically equivalent to the Kalman formula, but
are designed for improved numerical accuracy. Rather than
propagating the covariance P, these factorization algorithms
recursively compute covariance square roots (P=SS7) or
U—D factors (P=UDUT, where U is unit upper triangular
and D is diagonal). This approach assures the positivity of P
and permits greater precision through improved numerical
conditioning.?

While several of the factorization filter algorithms are
accurate and reliable, only the UD formulation rivals the
efficiency of the original Kalman formula.%® In fact, for
systems with colored process noise and large numbers of bias
parameters, the U-D method is less costly than the Kalman
algorithm.® These attributes of the U-D filtering technique
are utilized in this paper to obtain a numerically improved
formulation of the control law and the associated covariance
recursions.

Section II of this paper presents the LQG stochastic control
problem and classical solution; the U-D alternative to this
solution is given in Sec. III; and the conclusions are contained
in the final section.

II. Problem Definition and Classical Solution
Given the linear dynamic system and observation

Xip1 =X +Tu; + Giw; 1
i=0,1,...N—1
]

where x;eR,, u;eRy, z;¢R,,, and x;, w;, v, are zero mean,
statistically independent Gaussian variables with covariances

zi=Hx;+v,

E{w,-ij =Q,~6,~j, E{V,-V/«T}———R,-G,-j, E{xoxg}=Po»
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find the contro! «; as a function of z,,...,z; to minimize the
functional

;. PN
J=E{5x,CSNxN+§ E [xiTA,»xi+uiTB,»u,-]} 3)
iz1

where the symmetric arrays Sy, 4;, and B, have the form
Sy=0, A4,=0, B;>0

By properly defining the pairs (T';,#;) and (G,,w;), we may

-assume that Q; and B, are diagonal. Similarly, an appropriate

scaling of the data, Eq. (2), is sufficient to guarantee that each

R, is diagonal.’ Moreover, since each A; is nonnegative
symmetric, it may be written as

A;=MIAM, 4

where
A, =diag (d,,d;,...4,) >0 with r=<n &)
This representation of A will be convenient in the ensuing

development.
The conventional solution to the preceding problem is!:

;= —CX% (6)
Ci=(L7S;, Ti+B;) ~'T/5, ¢, )
S;=¢7S;,,6;—CITT S, ¢, +MT4,M, ®)
Sy, given

The vector X; represents the minimum variance estimate of x;
given 2y,z;,....Z; and may be obtained from the following
Kalman filter algorithm.

Measurement update

)2,-=)5,-+K,»(Z,~-—H,~)?,) (9)
K;=P,HI(HP,HI+R;) ! (10)
P;=P,—K,H.P, 80

Time update
Xip =%+ T4 (12)
P =¢,P¢+G,Q,GT (13)
Initial conditions

Xo=E{x,}=0 : (14)

P, given ) (15)
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This filter algorithm is best applied by cycling through Egs.
(9-11) once for each of the m components of z. In this way,
the matrix inversion in Eq. (10) is reduced to a simple scalar
operation.?® _

The matrices P; and P, represent the error covariances of X;
and X,, respectively. An important feature of this estimator is
the following orthogonality property.!

E{(X;~x)X]} =0
E{(X—x)x} =0 16)

This property permits an easy evaluation of the average
behavior of the controlled system. Let

X, =E{x;xN 17)
X, =E{%xh (18)

Then from the orthogonality property we obtain
X=X, +P (19)
Xivi=(¢;=T:C)) (X;=P;) (¢;~T,C)) T (20)

The control required at each stage has covariance
Vi=E{i,a]}=C(X,—P)CT @

Equations (6-15 and 19-21) comprise a concise, easily
implemented algorithm, and for this reason they have been
widely used. However, experience has shown that the Kalman
filter algorithm, Egs. (9-15), is numerically unstable.>*
Severe loss of accuracy may occur during the matrix sub-
traction, Eq. (11), and subsequent propagation via Eq. (13)
can cause further accuracy degradation. These difficulties
may not be attributed solely to observability problems, nor
can they necessarily be avoided by including high levels of
process noise.* The root of these numerical problems is the
filter algorithm itself —it is simply not a sound computational
tool. The control recursion, Eq. (8), is identical in form to the
Kalman formula, Eqgs. (11) and (13) therefore it too, is a poor
computational algorithm. Finally, we note that the covariance
recursions, Egs. (19-21), involve a further unreliable matrix
calculation (X; — P;), which should be avoided.

Several numerically stable formulations of the Kalman
algorithm have been derived.>® These alternative methods
achieve significant accuracy improvement by replacing the
covariance recursions (11) and (13) with equivalent recursions
in judiciously chosen covariance factors. The most efficient
factorization method to date involves the covariance
decomposition P=UDUT where U is unit upper triangular
and D is diagonal. Time and measurement update algorithms
for propagating these U-D factors are derived in Refs. 6-8
and, for completeness, are summarized in Appendix A.
Studies have shown the U-D method to be easily implemented,
numerically reliable, and computationally efficient.*#!4 The
following section describes how the U-D algorithms may be
used to obtain an accurate and efficient solution to the control
recursions, Egs. (7, 8, and 19-21).

III. U-D Factorization of the Control Algorithm

The matrix Riccati equation (8), may be written as follows.
Let

C—vi+/éci¢flz(ri7§i+1ri+3i) -r’s,,, (22)

A
S =

81— CLTTS, (23)
Then S, is given by

Si=018,,.10,+MIAM, (24)
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Note that Eqs. (22-24) are mathematically identical to the
Kalman filter equations, Eqs. (10, 11, and 13). Because of
duality, the state transition and coefficient matrices for the S
recursion are transposed and time is reversed; otherwise, the
two recursions are identical. Hence, the U-D filter algorithms
can be applied directly to propagate S. To accomplish this we
postulate the following hypothetical filtering problem.

Assume process and measurements of the form

N=o Ny +ME; (25)
i=N-1,...,1
(26)

yi=TT N+

where N\;eR,, y;eR,, £,eR,, and £; and %; are zero mean,
purely Gaussian random processes with diagonal covariances
A; and B,, respectively. Further, assume that Ay is
statistically independent of &, and 3, and has mean and
covariance .
E{\y}=0 EM~>\L1=§N

The “Kalman filter”’ for this hypothetical problem is the
following. Fori=N—-1,...,0:

Measurement update

Npr=Rip +CL, i =TTRL ) 27
Ciy=(TK,,,T,+B) 'TTS,, 28)
Si+1=§i+1—éir+1rirsi+1 (29)

Time update

INET- TN (30)
Si=¢5,,,6,+MIAM, E2))
Av=0

Thus, the required control gain C;=C,, ;¢, is obtained by
solving a related Kalman filtering problem. Notice, however,
that for statistical guidance analysis [Egs. (19-21)], it is
necessary to obtain the full kX # array C;; and hence the gain
C..; is required. But C;,,; corresponds to the vector
measurement update, Eqgs. (27-29). The U-D filter algorithm,
which we would like to apply to this problem, assumes scalar
measurements and recursively computes k vector gains,
F,,F,,...F,, instead of the array C7. In Appendix B, we show
how the k columns of CT are linearly related to the vector
gains {F;}%_ ;. Thus C is obtained by recursively applying the
U-D measurement update algorithm followed by a linear
transformation of the computed gains. The U-D control

- recursion is summarized in the following algorithm.

U-D Control Recursion
Let each I and B be partitioned such that

7

oy

v
I''= ] B=diag (b,,b,,...,b;) 32t

vi

and let {¢;} %, represent the k column vectors of C7.

+In order to avoid cumbersome notation, time dependence is in-
cluded only where necessary to prevent confusion. Thus, in Eqs. (32-
35), subscripts are used to denote array components.
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Suppose at stage i+ 1 that the nx n array S is factored such
that

S=0DU0T (33)

The corresponding U-D factors of S and the gain array ¢
[Egs. (28-29)] may be obtained as follows.

« For j=12,.., k, set H=y] r=b, UsUU-D,
D=DUV-D  and apply the U-D measurement update of
Appendix A to obtain the updated factors U, DY and the

gain F; =K (Eq. All). Initially, U(?) = UandD“” =D,
« For{=1,..., j— 1 compute
Fp=F,— ('Y}FLI)F,‘ 341

At the conclusion of this recursion, the U-D factors of S and
the columns of CT are given by
U=U®, D=DW, ¢&=F,

J

J=1L2,... .k 35)

Given the U-D factors of S at stage i + I, the J-D factors of §
at stage i [Eq. (31)] may be obtained by applying the time
update algorithm of Appendix A with the W and D arrays set
to

W=[oTU MT] D=diag (D,A) (36)
At each stage, the control gain C; [Eq. (17)] is given by

G =éi+1¢i 37

The transition matrix required for the controlled state

propagation, Eq. (20), may be computed as follows. Let ¢;

and ¢, denote the jth column vectors of ¢ and (¢ —TC),
respectively. Then

k
- E (C(/)‘Yf J
=1

It
Py
3

el (38)

Comment

The U-D algorithms permit perfect measurements and
semidefinite covariances, Hence, the case where controls are
unconstrained (B; =0) and/or some of the final state errors
are unweighted (Sy, singular) can be handled without dif-
ficulty.

Note that the backward recursion described here yields the
arrays C and (¢ —TI'C) at each guidance time. These arrays
can be computed and saved for subsequent evaluation of
system performance via Eqs. (19-21). As previously noted, the
matrix subtraction (X—P) found in Eqgs. (20 and 21) should
be avoided. Substitution of Eq. (19) into Eqgs. (20) and (21),
together with an application of Eq. (11), yields the preferred
formulas

X;=X,+5B (39)
V,=Ci(X;+ Y, CT 40)
X1 =(6;=T,C)) (X;+Y)) (¢;-T;C)) T 1)
where
Y;=P,—P;=K,(HPHI+R)KT (42)
and B
X,=0 43)

The right-hand side of Eq. (42) represents a nonnegative,
symmetric array; hence the nonnegative structure of X and V

{The symbol ‘‘: ="’ denotes replacement in computer storage.
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is preserved. Notice that when the U-D one-at-a-time
measurement update is employed during the forward
recursion, Egs. (9-15), Y; is given by the summation

m
Yi= Y aWKD (KD)T (44)
j=1
where o ¢? and K'Y represent the innovations covariance and
the gain vector for the jth measurement at ¢; (see Appendix
A).

For the usual occurrence that guidance updates are per-
formed less frequently than measurements are obtained, the Y
array is propagated as follows. After a guidance update Y=0
(i.e., P; replaces P;) and thereafter at each measurement time
t,,, the array is updated as

m
Yoo =0, Y07+ [ZamK(ﬂ (K(f))T] (45)
j=1 41

until ¢, ; =¢,, ; thenext guidance time.

It is advantageous to apply U-D factorization techniques to
the controlled state covariance recursions, Egs. (41) and (45).
[Computations Egs. (39) and (40), need not be factored, since
they are required only for display purposes and do not affect
the other recursions.] The U-D update corresponding to Eq.
(45) may be accomplished in two steps as follows.

U-D Formulation of the Y Recursion
Given the factorization Y,= UDUT, set

W=¢,U D=D (46)

and apply the time update algorithm of Appendix A to obtain
the intermediate factors, U and D, where

UDUT=¢,Y 0T (47)

The updated U-D factors of Y,.,;, Eq. (45), may now be
computed by repetitive application of the rank-one update
that is given in Appendix C; i.e., recursively solve, via the
rank-one update formula,

U»pv (UW)T=yu-Dpu-nyu-nT
+aDKDK! j=1,...m (48)

with U =0 and D =D. Upon completion of this
recursion, the desired factors of Y, , are U=U" and
D=D™,

The factored form of the X propagation, Eq. (41), is also
accomplished in two steps and involves the same algorithms
employed for the Y update.

U-D Formulation of the X Recursion

Given the factorizations X= UDUT and Y= UDUT the
updated U~ D factors of X, Eq. (41) may be obtained as
follows. Partition the U and D arrays so that

D=diag(d1,d2,...,d,,)
U= [U],Uz,...U"]

Compute the U-D factors of (X+Y) by applying the rank-
one update of Appendix C to recursively solve

.....

oV pDgu T =gu-npu-ngu-nT 4d.UUT
J=1,..,n 49

with U@ = and D@ =D. The updated U-D factors of X
may now be computed by applying the time update algorithm
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of Appendix A with

W=(¢-TC)U™ and D=D® (50)

Remarks

1) The recursion [Eq. (49)] may involve considerably less
than the » steps indicated, since Y can be rank-deficient. In
this case, some of the d; terms will be identically zero, and the
rank-one update corresponding to those terms may be
omitted. B

2) After completing the factorization of X+ Y via Eq. (49),
the control covariance [Eq. (40)] may be computed as
follows.

Let

D=Dw &3]
Then
V=CDCT

IV. Summary

The U-D factorization technique has been applied to obtain
a numerically stable formulation of the LQG stochastic
control law. The backward recursion for computing optimal
control gains was solved by a direct application of the U-D
filter algorithms coupled with an appropriate linear trans-
formation. Rearrangement of the controlled state covariance
equations eliminated a numerically hazardous matrix sub-
traction and provided a stable and efficient U-D formula for
performing statistical guidance analysis.

From an applications point of view, it is satisfying to note
that the complete problem, including both estimation and
control, can be solved with only three U-D algorithms: the
weighted Gram-Schmidt time update, the measurement
update, and the rank-one update formulas. These algorithms
have been tested on a variety of problems and have proven to
be reliable, efficient, and easy to implement.*!3 Experience
has shown that when the U-D algorithms are applied so as to
maximize efficiency, taking advantage of special system
structure to minimize storage and computation, the resulting
implementations rival the efficiency of conventional
covariance methods. Moreover, for systems with colored
noise and large number of bias parameters, the U-D method
can be less costly than even the conventional covariance
formula. %4

Appendix A: U-D Filter Algorithms

Suppose the n-dimensional error covariance matrix, P, is
factored such that

P=UDUT (A1)

where U is upper triangular with unit diagonals and D=diag
(d;,...,d,). The matrices U and D are referred to as the U-D
factors of P. They are unique, provided that P is positive
definite and can be constructed using a Cholesky fac-
torization.®

Algorithms are presented here for performing measurement
and time updating of the U-D factors. These algorithms
correspond to the conventional Kalman formulas, Eqs. (10,
11, and 13).

U-D Measurement Update Algorithm

Given a priori covariance factors  and D and a scalar
measurement z=Hx+», where E(v?)=r, Bierman® has
shown that the updated U-D covariance factors and the
Kalman gain (U,D, and K, respectively) can be obtained as
follows:

fT=H0 fT:(fIJ"')fn) (Az)
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v=Df vf:ajfj (A3)

RT=(0,.0,...,0) (ad)

o, =r+u.f; (AS)
If o, =0, omit Eq. (A6)§

d,=(r/a;)d, (A6)

For j=2,...,ncycle through Eqgs. (A7-All)
a =0, +v,f; (A7)

If a; =0, omit Egs. (A8-A11)8
d;=(a;_,/a;)d; (A8)

If d; =0, skip to Eq. (A11)§

N =filo;_, (A9)
U=U+NK,_, (A10)
K;=K,_,+v,;U; (A1)

where U= [U,;,U,...,U, ]. The component U vectors have the
form

UT=U;(1),...U;(j—1),1,0,...,0]
and D=diag(d,,...,d,). The Kalman gain is given by
K=K,/a, (A12)

where «,, is the innovations covariance.

Modified Gram-Schmidt techniques may be used to ac-
complish time updating of the U-D factors’® and the
resulting algorithm is the following.

Modified Gram-Schmidt Time Update Algorithm
Let
n 4
W=[oU G]j with row vectors {w;} ],
n p

D=diag(D, Q) =diag (d,,d;,...d,,,)

The U-D factors of P=WDWT[Eq. (13)] may be com-
puted as follows.
Forj=n,n—1,...,1, evaluate Egs. (A13-Al15).

d;=wDw, (A13)

If d; =0, omit Egs. (A14) and (A15).

u; == [wDw,] (A14)

i=12,..,j-1

wW; i=w;, —Upw; (A15)

Propagation of U-D factors can also be accomplished by
applying modified Givens techniques.® However, the
modified Givens method requires more equations to describe
it and, except in unusual circumstances, offers only modest
computational savings over the Modified Gram-Schmidt
algorithm.

SThese steps are exercised when perfect measurements and/or
semidefinite covariances are processed.
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Appendix B: Linear Filter Gain Relationships

The following lemma, suggested by G.J. Bierman, relates
recursive filtering gains to gain arrays obtained by collective
data processing.

Lemma

Let the Jth component of a vector measurement y=I'TA +79
be given by

yj='yj7}\+11j Jj=1,...,k (BY)
and define the recursion
AD =xG-D +Fj(yj_.),j?'):(j—1)) (B2)

with A (@) given.
Further assume that A® =X, where A is obtained by the
vector measurement update

A=R©@ 4+ CT(y=TTR@)  CT=[¢,6,...¢,]  (BI)

Then, the vector {¢;} may be obtained from the set {F;} via
the following recursion. Let

Fi) =F, (B4)
For j=2,...,k cycle through Egs. (BS and B6)

FY =F; (BS)

FN =FU=0 — (yIFU-DYFO  i=12,...,j—1 (B6)

Upon completion of this recursion
¢;=Ff" (B7)
Appendix C: Rank-One Matrix Factorization
Let the symmetric matrix P be factored such that
P=UDUT [Eq. (A1)]. Then, the corresponding factors of
P=P+cA\T (C1)

for ¢>0 and vector quantity A may be obtained as follows.
Evaluate Eqs. (C2-C10) recursively for j=n,n—1,...,2.

aj=cl)\l (C"=C) (C2)

If (o; =0), omit Egs. (C3-C10).

Uj=Otj/dj (C4)
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‘f}:z)\i (C6)
) i=12,..,j—1

u; =uy +)\ivj, for Bj>0.1 (C8)

u; =6jdij+fivj’ for 6/'50-1 (C9

Cj_] =BJCJ (CIO)

d =drep (1)

Equations (C2-C11) represent a modest rearrangement of
the Agee-Turner rank-one update,!® coupled with an alter-
native calculation, Eq. (C9), which our experience has shown
should be included for greater numerical stability. !1-12
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